Conditioning of Gaussian processes and 
a zero area Brownian bridge 



Maik Gorgens* 



Abstract 

We generalize the notion of Gaussian bridges by conditioning Gaussian processes 
given that certain linear functionals of the sample paths vanish. We show the 
equivalence of the laws of the unconditioned and the conditioned process and 
by an application of Girsanov's theorem, we show that the conditioned process 
follows a stochastic differential equation (SDE) whenever the unconditioned 
process does. In the Markovian case, we are able to determine the coefficients 
in the SDE of the conditioned process explicitly. Our main example is Brownian 
motion on [0, 1] pinned down in at time 1 and conditioned to have vanishing 
area spanned by the sample paths. 

Keywords: Gaussian processes, Conditioning, Brownian bridge, Series 
expansions 



1. Introduction 

Let X = (-Xs)se[o,Tl be a Gaussian process with values in the space of 
continuous functions C([0,T]) and assume EX S = for all s € [0, T]. Let A 
be a given finite set of linear functionals on C([0, T]). In this work we consider 
the conditioned process of X given that the linear functionals in A acting on 
X vanish. More formally, the conditioned process of X with respect to A is a 
continuous Gaussian process X^ = (xi A ^) se [ T] such that the law of X^ 
under P is the same as the law of X under P^) , where P*-" 4 ' is defined as 

p( A )(.) = P(. | a (X) = for all a e A). (1) 

The random variables X s , < s < T, and a(X), a € A, are centered Gaus- 
sian random variables and hence conditioning becomes orthogonal projection in 
the Gaussian Hilbert space spanned by the random variables X Sl < s < T 
(see for example Chapter 9 in [6]). 

A well studied example is that of Gaussian bridges (see for example [5] 
and [T]). In this case the set A only consists of the element <5 T , where St 
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Figure 1: A realization of a zero area Brownian bridge. 



denotes point evaluation of a function at point T . For example the standard 
linear Brownian motion on [0,1] conditioned to have W\ — (i.e., A — {Si}) 
yields the Brownian bridge B on [0, 1]. An anticipative representation of B is 



B s = W s -sW 1 , 0<s<l, 



(2) 



and a non-anticipative representation (i.e., adapted to the natural filtration of 
W) of B is 

dB s = dW s - ds, B = 0, < s < 1. (3) 
1 — s 

The present work generalizes the setting of Gaussian bridges by allowing several 
and more general conditions in ([!]). Our main example (studied in Section 6.1 1 
is the Brownian motion W conditioned to have W\ = and 1\ = W x dx = 

(i.e., A = {5 u a } with o (/) = f(x)dx, f € C([0,1])). We call the 
conditioned process the zero area Brownian bridge and denote it by M. Figure [l] 
shows a typical path of M. An anticipative representation of M (corresponding 
to ^ for B) is 

M s = W S - s{3s - 2)Wi - 6s(l - s)I u < s < 1, 

and a non-anticipative representation of M (corresponding to ^ for B) is 



AM S 

dM s = dW s -ds 



6J, 



(1 



; ds, M = 0, < s < 1, 



where J s = J Q b M x dx. In particular, the two dimensional process (M s , J s ) s e[o,i] 
is a time-inhomogeneous Markov process. 

We fix some notations and introduce the conditioned process properly. Then 
we state the main results of the paper. 
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1.1. Notations and definition of the conditioned process 

Let C([0,T]) be the space of continuous functions on [0,T] equipped with 
the supremum norm 

||/IU= sup \f(s)\, /GC([0,T]). 

0<s<T 

Then (C([0,T]), || • H^) becomes a separable Banach space. For a continuous 
function / G C([0,T]) and an element a G C([0,T])* we write a(f) for the 
evaluation map. Let C denote the Borcl cr-algebra on C([0,T]). The dual 
space C([0,T])* of C([0,T]) can be identified with the space of signed finite 
Borel measure on [0,T] (see Appendix C in [1]). We use the notation a(f) 
and J f(s) a(ds) interchangeably. In particular, we use the second form if the 
integration only runs over a subset of [0, T]. By 5 S , s € [0, T], we denote the 
point evaluation at point s, i.e., S s (f) = f(s), f € C([0,T]). For < s < T, let 
5s C C be the smallest cr-algebra on C([0,T]) such that all 6 r , < r < s, are 
5" s - < B(M)-measurable, where 03 (]R) is the Borel cr-algebra on R. 

Let X — (X s ) se [ T] be a continuous Gaussian process defined on a prob- 
ability space (Q,2t,P). Assume EX S = for all s £ [0,T] and let R x : 
[0,T] x [0,T] ^ M be the covariance function of X, R x (s,t) = EX S JQ. A 
condition for X is an element a G C([0,T])* and X fulfills the condition a if 
a(A) = 0, almost surely. Let A C C([0,T])* be a finite set of conditions. We 
define a probability measure P< A ) on (fj, 21) by 

¥ {A) (F) = V(F | a(X) = for all a G A) , F G 21, (4) 

and let be the induced measure on (C([0,T]),C) of X under P< A ). Though 
we condition on an event of probability zero in Q, the measure P'" 4 - 1 is well 
defined since a(X) is Gaussian and we condition on a(X) = for all a € A (see 
also Section 9.3 in [6]). 

A continuous Gaussian process X (A ^ = (^s A ^) s e[o,T] defined on a proba- 
bility space (ry,2l',P') is a conditioned process of X with respect to the set of 
conditions A if its induced measure ¥ x (a) on (C([0,T]),C) coincides with P^ A) . 
The conditioned process is thus only defined in law. The process X defined on 
is a version of the conditioned Gaussian process of X (defined on 
(fi, 2t, P)) with respect to the conditions A. 

1.2. Main results 

Let N be the number of conditions in A. In Section [2] we will introduce a 
separable Hilbert space H and a linear and bounded operator u : H — > C([0, T]) 
such that 

AT oo oo 

X = ^ Wl (ue l ) + ^^( U / J ) and = («/,•) (5) 

t=i j=i j=i 

in law for sequences (e;)^ C H and (/j-)^=i C i? such that {ei, . . . , e^r, f\,fi, ■ ■ .} 
forms an orthonormal basis in i/, and sequences of independent standard nor- 
mal random variables (tOi)fLo an< ^ ( w i')i=o- Based on these series expansions 
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we find basic properties of the conditioned process. In particular its covariance 
structure (Proposition [l]) and an anticipative representation (Theorem [3]). 

Let (e 4 )ili C H and {fj)f =l C H be as in ^ and let be the closed 

linear span of {fj : j > 1}. In Section [| we show that Px and Pj(a) are 
equivalent on 3s if and only if for every there is an e't e with (ue'Jix) = 
(uei)(x), for all < x < s. 

In Section[4]we show that, under some assumptions on X and A, the process 
solves a stochastic differential equation of the form 

dX {A) = adW s + 5(s, X {A) )ds, X [ A) = 0, < s < T, (6) 

where W is a standard linear Brownian motion and 6 is a progressively measur- 
able functional on C([0, T]). 

In Section^ we assume that X is a Markov process. Defining/^)- 1 ,... ,j(^). A 
by Is A ^' 1 = J* xi' 4 ' 1 a,i(dx), where ^4 = {ai, . . . , a^v}, it is shown in Theorem [7] 
that (Xg A \ Is 1 , . . . , Is A ^ N )s£[o,T] is a Markov process as well. Based on this 
result we find a formula for ELYj" 4 -* L s < tj where # x< ' denotes the 

natural filtration of X^ (Th eorem |SJ) , which enables us to find the <5 in (|6j) 
explicitly. 



2. A series expansion and basic properties of 

The aim of this section is to find a series expansion of X^ analogous to that 
in ([5]). As a preliminary we start with a subsection on processes generated by 
an operator. Throughout, let (wi)i=o an< ^ ( w i)i=o ^ e sequences of independent 
standard normal random variables defined on a probability space (£1,21, P). 

2.1. Gaussian processes defined by an operator 

Let v : H — > C([0,T]) be a linear and bounded operator from a separable 
Hilbert space H into C([0,T]) and let v* : C([0,T])* -> H be the adjoint 
operator of v, i.e., (v*a,h) — a(vh) for all ft G H and a e C([0,T])*. Let (•,•) 
denote the scalar product on H and || • || its induced norm. 

For an orthonormal basis {h i )°^ l c H define 

00 00 
Z s = }^(jji(vhi)(s) = }^Ui(v*S s ,hi). (7) 

i=l i=l 

The series on the right hand side of ^ converges almost surely for each s € [0, T] 
because of 

00 

^{{v'S^hi)]* = \\v'8 a \\ 2 <oo. 

i=l 

The exceptional null set in ^ in general depends on s £ [0, T]. So Q defines 
a not necessarily continuous Gaussian process Z = (Z s ) se [o ) r]- If the series 

00 

Z = y]u)j(vhi) 
i=l 
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converges almost surely in C([0, T]) we say that v generates the continuous 
Gaussian process Z. 

For the covariance function Rz(s,t) = EZ s Z t of Z it holds 

oo 

R z (s,t) =J2(vhi)(s)(vhi)(t) = (v*S s ,v*5 t ). (8) 

i=l 

Hence, a change of the orthonormal basis in |7| gives another process Z', in 
general different from Z. But, by ([8]), Z and Z' have the same finite-dimensional 
distributions, i.e., Z' is a version of Z . 

2.2. A series expansion of the process X^ 

The following result will be crucial for our work. 

Theorem 1 (Theorem 3.5.1 in [2]). For the continuous Gaussian process X = 
(X s ) se [ T] there is a separable Hilbert space H and a linear and bounded oper- 
ator u : H — > C([0,T]) such that for every orthonormal basis (h i )°^ 1 C H the 
series 

oo 

}^u}j(uhi) (9) 

i=l 

converges almost surely in C([0,T]) and 

oo 

X s = y^^i(uhi)(s) 

i=i 

holds in the sense of finite- dimensional distributions. 

We define the closed linear subspace 

H (A] ={h£ H : a(uh) = for all a £ A} C H 

and call it the reduced Hilbert space with respect to A. Let C H be the 

orthogonal complement of (we write H^) = H Q H^). We call -ff(A) the 
detached subspace of H with respect to A. By definition of u* , 

H (A) ={heH : (u*a, h) = for all a e A} 

= {h G H : h is orthogonal to u*a for all a £ A} C H, 

and thus is spanned the elements u*a, 

H(A) = span{u*a : a 6 A}, (10) 

implying that ^(a) is ( & t most) of dimension N. 
Define 

oo 

X< A > = J>(tt/i), (11) 

i=l 
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where {fi)°^ x C is an orthonormal basis in H^ A \ By Q, the law of 

is independent of the choice of the orthonormal basis in H^ A ^ and since (111 
differs from ^ only by a finite number of terms (given that we assume that 
{/lj /2) • • •} is a subset of {hi,h 2 , ■ ■ ■}) the series in (111 converges in C([0, T}) 
almost surely. 

Theorem 2. The process X^ defined in (11) is a conditioned process of X 
with respect to A. 



Proof. We have to show P^(X G F) = P(X( A ) G F) for all F G C with 
defined in Q. Let (ej)^ C -ff(A) be an orthonormal basis in Ft(A)- Then the 
processes X and 

X^+^'i(uei) 

coincide in law. We thus have 

f(A) (X € F) = ¥(X G F | a(X) = Va e A) 

(JV iV \ 

JfW + y ^J i {ue i ) G iHa(xW) +5^wja(uei) = VaeA . 
i=l i=l / 

By definition of we have a(X^) = 0. The requirement ^Zi=i w^a(ue<) = 
for all a 6 A implies = for all 1 < i < N: assume ui' io ^ for some «o- 
Then, for all a £ A, we have a(ue) = for the non-zero element e = J"'., u^ej 
implying that e G H^ A \ This is a contradiction to the fact that the spaces 
and if(/t) are orthogonal. Hence, 

p(^) (X G F) = P ^X( A) + w ;O e ;) G F ^ = 1 < * < ^ 

= V(X (A) G F). □ 

Let Rx(A) be the covariance function of the conditioned process X^ A ' of X 
with respect to A c C([0,T])*. 

Proposition 1. Let (ej)^ C -ff(A) be an orthonormal basis in the detached 
subspace -ff(A) • Then 

N 

R x iA)(s,t) = R x (s,t) - ^(uei)(s)(uei)(t). 

i=l 

Proof. Let (fj)f!Li C be an orthonormal basis in H^ A K Then an orthonor- 
mal basis in H — H^ A ' ® H(A) is { e i ; ■ • ■ ; e N, fi, fz, ■ ■ ■} and thus, by Q, 

N oo 

R x (s,t) = ^(ueOOOCueiXf) + X>/i)(*)(u/j)(*). 
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Hence, 



Rx(8,t)-^2{uei)(8)(uei)(t). 



□ 



2.3. Anticipative representation 

Define Gaussian processes I 1 , . . . , I N by 



X x a,i(dx), < s < T, l<i<N. 



(12) 



Proposition 2. The conditions a%, . . . , ajv can be chosen such that the random 
variables Z T , . . . , Zp are independent and standard normal and the set {u*ai : 



l<i<N} 



orthc 



il basis in H, 



(A)- 



Proof. Let the conditions ai,...,ajv be arbitrary. Then the Gram-Schmidt 
orthonormalization l\ = l\ /E [Zp] , 



Zp/E 



where Z T = Zp 



2—1 

3=1 



P 7=2 



yields independent standard normal random variables Zp, . . . , ZjY and condi- 
tioning on Zp = is equivalent to conditioning on Z T = almost surely for 
1 < i < N. Now define measures Si, . . . , oln by d\ = ai/E [Zp] 2 and 



,JV, (13) 



a, = a,/E 



where a, = a,- 



ZpZp 



Then we have Z T = J Q X x di(dx), i.e., we obtain independent standard normal 
random variables and conditioning with respect to {ai, . . . , a^r} is equivalent to 
conditioning with respect to {ai, . . . , &j\r}- 

Moreover, we show that {u*d\, . . . ,u*ajv} is an orthonormal set in H and 
thus, by (10), an orthonormal basis in H( A y. let {h i )'^ 1 C H be an orthonormal 
basis in H. Then, for 1 < i,j < N, 



n=l ' 
(•T pT 00 



(u*ai,u*aj) ='^2,{h n ,U*a i ){h n ,u*a j ) = ^d l (uh n )a j (uh n ) 

n—l n—1 

= X] / i uh n){x) a, t (dx) J (uh n )(y)aj(dy) 

1 OO 

^ (uh n )(x) (uh n )(y) a % (dx) dj (dy) . 
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By ([I]), we have ^2^ = i{uh n )(x)(uh n )(y) = EX x X y and thus 

rT 

{iTdi, Wdj) 



T 

o Jo 



E 



E 



EX x X y ai (dx) cij (dy) 

■T 



Irplrp 



X x d t (dx) 



X v aj{dy) 



where denotes the Kronecker delta. 



□ 



The following result follows directly from the general theory of conditioning 
of Gaussian random variables (see Chapter 9 in [6]). 

Proposition 3. Let a\, . . . , be such that the random variables ih, .... 1^ 
are independent and standard normal random variables. Then an anticipative 
representation for X^ is 

N 



X^ =x s -J2^[x s p t ]It 



We drop the requirement that Ij,, . . . , 1^ are orthonormal but we still assume 
that the set {u*ai : 1 < i < N} C H(A) is linearly independent in H. Let 
( e i)iLi C H(A) be an orthonormal basis H(a) an d define a matrix B and a 
vector b(X) by 



B = 



( a\(uex) a 1 {ue 2 ) 
a 2 (uei) a 2 (ue 2 ) 

\a N [ue x ) a N (ue 2 ) 



a 2 {ue N ) 



a N (ue N )J 



and b(X) = 



fax(X)\ 

02 (X) 



\a N (X)J 



Theorem 3. The matrix B is invertible and an anticipative representation of 
the conditioned process is 



N 



X^ =X-J2UX)(ue z ), 



(14) 



where ^(X) = (£x(X), . . . ,£ N (X)) T is given by £(X) =B- 1 b{X). 

Proof. In order to show that the matrix B is invertible, we show that the rank 
of B is N . Since the e^'s form an orthonormal basis in the Hilbert space spanned 
by {w*eti, . . . , u*ajv}, the rank of B is equal to the rank of B' with 



B' 



I ai(uu*ai) ai(uu*a 2 ) 
a 2 (uu*ai) a 2 (uu*a 2 ) 

\ajv(uw,*ai) a]y(uu*a 2 ) 



ai(uu*a N ) \ 
a 2 (uu*a,N) 



a^(uu*a N ) J 
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Hence, it is enough to show that the columns of B' are linearly independent. 
We assume 

(N N \ 

^ X l ai{uu*a i ), ■ ■ ■ \ia N {uu*a,i) J . 
i=l i=l / 



Then, 



N N N 

= ^ Aj ^ haj{uu*ai) = ^ AjA^f/a;, 



M O, 



N 



i=l 



which yields the requirement ^i u * a i = ancl thus A; = 0, 1 < i < AT, 

since {u*ai, . . . , u*ajy} is assumed to be linearly independent in if. Hence, the 
rank of B' and B is N and the matrix B is invertiblc. 
Formula ( 14 ) follows from 

JV 

X = +J2"i(uei), 



where w\ , . . . , u>jy are independent standard normal random variables. Once we 
see a realization X(lo) of X we do not know a priori, which values the w^'s 
attained. But we can calculate them from the fact that 



= aj{X w ) = aj(X) - Y^Uidjiuei) 



for all 1 < j < N, which leads to the system of linear equations B£ — b(X), its 
solution £(X) and the claimed representation for X^ A \ □ 



3. Equivalence of measures 

Let X be a continuous Gaussian process and let X^ be the conditioned pro- 
cess of X with respect to a finite set of conditions A — {oi, . . . , ajv}. Moreover, 
let Px and Pxw be the induced measures ofXandl^ on (C([0,T]),C). 

We can not expect that Px and Px(^) are equivalent on C since 

P x ({/GC([0,T]):a(/) = Va e A}) = 

in case that X does not fulfill all conditions in A, while 

P xW ({/ € C([0, T]) : o(/) = Va e A}) = 1. 

In this section, we show that Px and Pxw are equivalent on a suitable sub-c- 
algebra of C. 

Let X be generated by the operator u : H — > C([0, T]) and let {ei, . . . , e^v} 
be an orthonormal basis in the detached Hilbert space Him C if (w.l.o.g. we 
assume dim(ifM)) = N; otherwise let some of the e^'s be 0). Recall that $ s C C 
is the smallest cr-algebra on C([0,T]) such that all S r , < r < s, are 3s-93(IR)- 
measurable. 
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Theorem 4. The probability measures Vx and V X {A) are equivalent on $ s if 
and only if there exist e\ £ H^ A \ 1 < i < N, such that 

(ue^ix) = (ue t ){x), < x < s. (15) 

Otherwise Vx and V X (A) are orthogonal on $ s . 

We prepare for the proof of Theorem [4] by introducing some additional no- 
tation and proving an auxiliary result. For d > 1, let P^ be the standard 
Gaussian law on (R d , «8(R d )), i.e., V d = <g)f =1 Pi, where Pi is the standard nor- 
mal law on K, and consider the probability space (f2,2l, P) with O = 0^1, 
21 = ®~ 1 35(K), and P = ®°^Pi. Let be such that (^)^i e Z 2 , 



i.e., 



^£?<oo for alii >1. (16) 



We introduce the mapping M : ft — > ft by 



(wi,W 2 ,...) l-> (cdi,W2)---) 



3 

i=l 

Proposition 4. For F £ 21 witfi P(F) > it holds P(M(F)) > 0. 
Proof. Let F £ 21 with P(F) > 0. For an element x £ R N define 
F x = {y £ ft : (x, y) £ F} C ft, 

Then 

0<P(F)= / P(F x )P Ar (da;) 

which implies the existence of a z = (zi, . . . , z^) £ K. with P(F 2 ) > 0. Define 
the element I = (/i, Z 2) . . .) € ft by Zj = X^i By Jensen's inequality, 

2 oo W N oo 

J=l 2 — 1 2—1 J — 1 

and thus I £ Define 77 : ft — > ft by t;(w) = uj — I. Then, for the subset 
F' z C F it holds M{F' Z ) =1 + F z = rr X (F z ) and thus 

P(M(F)) > P(M(F^)) = P(rr X (F z )) = Po rf 1 ^)- (18) 

The probability space (ft, 21, P) is the canonical model for the Gaussian process 
Z = (Z n ) n £fi with covariance ¥,Z m Z n — # m , n , m,n £ N. The Cameron-Martin 
space associated with Z is I2 and thus, since I £ I2, the probability measures P 
and Po r ; _1 are equivalent (Theorem 14.17 in [5]). Hence, since F(F Z ) > we 
have, by (18 1, 

P(M(F)) > P o t- 1 ^) > 0. □ 
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We are only interested in the laws of X and and might thus, without 

loss of generality, assume that they are defined on the probability space (51, 21, P). 
Let {/i, /a, . . .} be an orthonormal basis in the reduced Hilbert space C H. 
We may write X : O -> C([0, T]) as 



X(w) = X(cji,cj 2 , ■ ■ • ) = ^Wi(uei) + ^Uj +N (ufj), 

i=i j=i 

and l'- 4 ' :H-»C([0,T]) as 

OO 

x^ ( W ) = ^> , ^ 2 ,...)= x; ^ ) ■ 

Proof of sufficiency in Theorem [^} Let € i? be such that 

(tie*) (a) = (uei)(x), 0<x<s, l<i<N, 



(19) 



(20) 



and define £y = (e<, fj),l<i< N, j > 1. Then f£,,) x , , fulfills Q and we 
have 

oo 

(we,) = (ue-) = ^2tij{ufj) 



on [0, s]. Plugging this into (19), we obtain by (17) and (20), 

oo / N \ 

X H = E 5>«& • — v = 
j=l \i=l / 

on [0, s]. 

Let F6 J s with P X (F) = P(Jf _1 (.F)) > 0. Since M is surjective, 
P x( a)(F) = P(V G fi : X^Huj') £ F}) 

= P({M(ki)6f!:we(l and X (j4) (M(cj)) G F}). 

Because of F G 3 S and X^)(M(cj)) = on [0, s], 

P x( a) (F) = P({M(w) efi:weO and X(u>) G F}) 
= P(M(X _1 (F))). 

Since P(X" 1 (F)) > 0, Proposition g yields P(Af (X _1 (F))) > and thus 
P x( a,(F) > 0. 

To show the converse, let F € 3s with ¥ x w (F) > 0. Since M is surjective 
we have 

P xW (F) = P<y G : (a/) G F) 

< P(cj G SI : X (A) (Af(w)) G F) 

and thus, because of F e 5s and X( A )(M(w)) = on [0, s], 

< P({w G SI : -X'(w) G F}) = Px(F). □ 
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Proof of neccessity in Theorem^ Fix < s < T, assume without loss of gen- 
erality that N = 1, and set e = e\. Define u s : H — >• C([0,s]) by (u s h){x) = 
(uh)(x), h € H, x £ [0, s], and assume that for all e' G there is an x e [0, s] 
such that (ue)(x) 7^ (ue')(a;). Then e is orthogonal to ker(u s ) C H, the kernel 
of u s . Define H s = H Q ker(u s ) and let {e, hi, h 2 , . . .} be an orthonormal basis 
in H s . Introduce a new scalar product (■, -) s on the set {e, hi, hi, ■ ■ •} by 

(e,e), = 1, (e,/i,') a = 0, and (hi,hj) a = S itj /i 2 , 

and let ff£ be the closed linear span of {e, /ii, /12, • • •} under (•, -) s . Then H' s is a 
Hilbert space and we have H s C H' s . Let u^, be the extension of u s from to 
H' s and let & be a linear functional on H' s such that 6(e) 7^ and b(hi) — 0. The 
operator u' s is a linear bijection from H' s to u' s (H' s ) and we have ^i^i € H's 

almost surely. Moreover, 

00 

Wi(u' s hi) and X = X^ A) + uj (u' s e) 

i=i 

in distribution on $ s . Applying the 3s-measurable linear mapping b o u'jT 1 : 
u' s (H' s ) -> K yields 

OO OO 

i=l i=l 

but 

(6o<- 1 )(X) = (bo^-^lW) + (&o U ' 8 - 1 )( Wo K e ))= Wo 6(e) ^ 
almost surely. Hence, the measures Fx and P^- 4 ) are orthogonal on D 



4. Non-anticipative representations 

Now, we consider alternative, non-anticipative representations for X^ in 
the same setting as in the previous section. We assume that the supremum over 



all < s < T for which (151 holds is T. If this is not the case, the following 
calculations can only be performed on an interval [0,T«) C [0, T). 

Recall that a progressively measurable functional on C([0, T]) is a mapping 
(3 : [0,T] x C([0,T]) -> R such that for each < s < T, the restriction of (3 to 
[0,s] x C([0,T]) is <8([0,s]) Ofo-QS (M)-measurable. 

Let W = (T / F s ) s g[o,T] be a standard linear Brownian motion defined on a 
probability space (ft, 21, P) and assume that there is a ^ a € R and a progres- 
sively measurable functional /3 on C([0,T]) with 

/ \P{x,X)\dx < 00 (21) 
Jo 
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P-almost surely for all S < T, such that X is a (strong) solution of the stochastic 
differential equation 

dX s = adW s + fi(s, X)ds, X = 0, < s < T. (22) 

In order to apply the results from the previous section, it proves to be use- 
ful to assume without loss of generality f2 = C([0, T]) (recall that we do not 
distinguish between Gaussian processes with the same law) : by ( 22 ) and since 

W s = cT l X s - a- 1 [ [3(x, X) dx, < s < T. 
Jo 

Let Vx be the induced measure of X on the space (C([0,T]),C). Define the pro- 
cesses X : (C([0,T\),C) -> (C([0,T]),C) and W : (C([0,T}),C) -> (C([Q,T]),C) 
by = f(s) and 

(Wf)(s) = a-^XfXs) - a- 1 f [3(x, Xf) dx 



for < s < T and / e C([0,T]). Then, on (C([0,T]),C,F X ), W is a standard 
Brownian motion, X = X in distribution, and we have 

dX s = adW s + P(s, X)ds, X = 0, < s < T 

with 

S _ 
\(3(x,X)\dx < oo 

Px -almost surely for all S < T. From the construction follows that the natural 
filtration of W and X is 3". 

^.i. Existence of a describing SDE 

Let F xiA) be the induced measure of X^ on (C([Q, T]),C). 

Theorem 5. There is a Brownian motion W' = (Wg) s g[o,T] defined on the 
probability space (C([0,T]),C,¥ X (A)) and a progressively measurable functional 
S on C([0,T]) with 

f s 

/ \5(x,X {A) )\dx < oo (23) 
Jo 

l?x( A ) -almost surely for all S < T such that the conditioned process is a 

(strong) solution of the stochastic differential equation 

dX^ = adW' s + S(s, X^)ds, X [ Q A) =0, < s < T. (24) 

Proof. We consider the mapping Y : (C([0,T]),C) -> (C([0,T]),C) defined by 
Y(f) = / f° r / € C([0, 2^]). Then, under the measure Px, Y is a version 
of X and under the measure Px(^) j T is a version of X( A K Under ¥ x , the 
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scmimartingalc Y = (F s ) sS [o ; t) has the decomposition Y = M + A, where M is 
a continuous martingale and A a finite variation process, 



M a = aW s 



A„ 



f3(x,Y)dx. 



By Theorem|4]the measures Fx and V x ia) are equivalent on $ s for all < s < T. 
Hence, 

~dP x{A) 



x 



3s 



< s < T, 



is an almost sure non- negative continuous (fx, S^-martingale. By Girsanov's 
Theorem (see e.g. Theorem III. 35 in [9 ]), Y is a semimartingale under P X (aj 
with decomposition Y = L + C with 



L s = M, 



I Z- l d[Z,M] x , 
Jo 



(25) 



being a local martingale under P X (A), where [Z,M] denotes the quadratic co- 
variation process of M and Z, and C = Y — L is a P X (aj -finite variation process. 
By the martingale representation theorem (see e.g. Theorem 4.3.4 in [5]) there 
is an adapted stochastic process 7 such that 



l(x) dW x 



and 



j 2 (x) dx 



< 00. 



Since M = aW it follows d[Z, M] x — aj(x)dx under Vx and thus under ¥ X ( A )- 
Hence, by (25), 

Y s = L s + (Y s - L s ) 

= L s + (M s + A S -L S ) 

= a \ s ~L dx ) + [[J ( aZ ^^ + X ^ dx ) ■ 

The quadratic variation process of the first bracket is s under and thus under 
V X (A). By Levy's characterization of Brownian motion, 



(26) 



< s < T. 



W' s =W S - I Z- l -f(x)dx 
Jo 

is a Brownian motion under F x (a) . That is, 

Y s = aW' s + f (aZ- 1 1 (x) + /3(x, Y)) dx, 



Since the natural filtration of Y is 3 and the process (aZ x 1 j(x)+/3(x, Y)) < s< t 
is adapted to this filtration we have 



aZ x 1 - f (x) + f3(x,Y) = S(x,Y) 
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for some progressively measurable functional S on C([0, T]). Moreover, from (21 1 
and (261 it follows 

rS 

\S(x, Y)\ dx < oo 

P X (a) -almost surely for all S < T. □ 

4-2. Determination of the drift 

Theorem [5] provides us with a progressively measurable functional 5 on 
C([0,T]) for which 

|<y(»,JC^)|d3! < OO 



almost surely for all S < T. But in the following we need more than this. 

Proposition 5. The progressively measurable functional S in Theorem^ satis- 
fies 

,s 

E / \8(x,xW)\dx < oo, S < T. 
Jo 

Proof. From (23) we know |5(s,X^^)| < oo almost surely for almost all < 
s < S and thus the limit in 

6(s,xW) = lime- 1 / 5 8(jc,xW)dx 

= lim e- 1 (X™ - X^ - aW' s+e + aW' s ) 

exists and is, as the limit of Gaussian random variables, a Gaussian random 
variable. 

Let cr 2 0) = E|<5(a;,X( A ))| 2 be the variance of S^x.X^) and for n e N set 
5 n (x) = mm{l, n/a(x)}6{x, X^). Then 

a 2 n (x) = E\5 n (x)\ 2 = mm{cr 2 (x),n 2 } < n 2 

and <?n( x ) /~ (j2 ( a; ) f° r au £ as n — > oo. Since 5 n (x) is Gaussian we have 
E|<5 n (a;)| = y // 2/no~ n (x) and by the Cauchy-Schwartz inequality 

E\S n (x)8 n (y)\ < y/E\6 n (x)\*E\6 n (y)\* = a n (x)a n (y). 

Define 

rS rS 

Z= / \S(x,X^)\dx and Z n = / \S n {x)\dx. 
Jo Jo 

Then we have Z n < Z and 



EZ n = I E\5 n (x)\ dx = y- / a n (x)dx /• \\ - \ a(x)dx 
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as n —¥ oo. Moreover, 



nS rS rS 

5 n (x)8 n (y)dxdy < / / E\5 n {x)S n (y)\ dxdy 
Jo Jo 

S r S I rS \ 2 



< / / (T n (x)a n (y) dx dy = / er„(x)cfe 
Jo Jo \Jo j 

Thus, for the variance VarZ„ = EZ% - (EZ n ) 2 , 
( fS V 

Var Z, 



n=(^J (T„(x)dxj ~ ^\f~ J Vn{x)dx 

= (1-2 A) (^j\ n (x)dx^j . 



Since Z n < Z it follows for e > 
P | Z < e 



y cr n (x)(ia;^ < P ^Z n < e J a n {x)dx^j 

= P (eZ u - Z n > EZ n - e ^ a n {x) dx^j 
<¥^\EZ n -Z n \>(^2/^-e)J^ a n (x)dx^j 



By Chebyshev's inequality, 



S 



Z < e c n ( x ) dx < 



VarZ„ 



(y/2fr-e)* (f S a n (x)dx) 
(1-2/tt) 



(72A- e )2 (r v,(x)^y 

1 - 2/tt 



Thus, for £ > small enough, 



V\Z<eJ^ (7 n (x)dxj < c < 1. 
Note that the constant c depends only on e but not on n e N. Hence, taking 
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the limit n — > oo, we obtain by the monotone convergence theorem 
0<f(z>sJ a(x)dx\ 



e- 1 



S rS \ 

\5(x,X^)\dx> / a{x)dx 
Jo i 



Since f \S(x, X^) \ dx < oo almost surely it follows J Q S cr(x) dx < oo and finally 
E^ \S(x,X^)\dx = J o{x)dx<oo. □ 

Theorem 6. Almost surely, for almost all < s <T, the drift term S(s,X^) 
in Theorem^ is 

r\0 r 

Proof. Let s > be fixed. By p4|, for r > 0, 



X { s +l = X^ + aW' s+r -aW' s + f + 8(x, X^)dx. 



Hence, since xi A ^ is $ s -measurable, 
E[X S ( ^ | &] = X ^ + E[aW' s+r - aW' s | &] + E * ' 



5(x,X^)dx 



Since W has independent increments with mean 0, the second term vanishes. 
By Proposition [5] we can apply Fubini's theorem to the third term and get 

EiX^l | ffj = X^ + j'* E[S(x, X^) | &] dx. 

Finally (see e.g. Corollary 2.14 in [7]), 

lim E[Xs +- 1 ga] ~ ^ - lim - f S+r E[5(x,X A ) | 5,] dx 

r\0 r r\0 r J s 

= E[8( S ,XW) \$ s ] 
= 5(s,XW) 

for almost all s > 0. □ 



5. The Markov property and the expected future 

In this section we assume that the Gaussian process X = (X s ) sg [ 0j T] is a 
Markov process. Let X^ = (Xs )se[o,T] be the conditioned process of X 
with respect to A = {a±, . . . , a^} and let $ xi ' = (3^ ) s e[o,T] be the natural 
filtration of X^ . The process X^ A > is in general not a Markov process as well. 
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5.1. Retrieving the Markov property 
Define Gaussian processes I^' 1 by 



/ Xi A) a^dx), < s < T, 0<i<N. 
Jo 



Theorem 7. The Gaussian process (X^, I^' 1 , . . . , lW> N ) is an (N + 1)- 
dimensional (in general time-inhomogeneous) Markov process. 

First, we show the result for the case that X is Brownian motion and then 
the general case. 

Proof of Theorem^ for X Brownian motion. We assume that a^(X), . . . , a n (X) 
are independent standard normal random variables. Without loss of generality 
we can do so by Proposition [2] For every < s < ( < T wc define the Gaussian 
random variable Z Sit by 

Z s , t =X^-E[X^\^ {A> }. 

Then Z Si t is independent from 3^ . We show that 

Z Stt = X^ - E[X$ A >\{xW,lW-\ (27) 

which implies that E[X {A) \^ (A) ] = E[X { t A) \{X { s A \ I { S A) >\ . . . ,li A) ' N }}. Since 
the natural filtration of X^ and {X^ A \ I^' 1 , . . . , l( A h N ) coincide, this will 
prove the theorem. 

Set ipi(y,s) = ai(I[y !S i) and rewrite the Gaussian processes P in (12) as 



X x a l (dx) 



dX y ai(dx) 



a l {dx)dX y (28) 



'0 ^0 ^0 Jy 

ip l (y,s)dXy, 0<s<T,0<i<N. 



We condition the process X on ai(X) — P T — almost surely for 1 < i < N 
Since we assume Zj,, . . . , to be independent random variables with E 2 = 
1, the conditioned process and the processes P A >> % are (as in Proposition^ 
given by 



N 



xw=x s -J24® 

3 = 1 



x s v T 



and li A ^ 



N 



Tip 
1 s 1 T 



0<s<T, 0<i< N . Now, define Gaussian processes J 1 and J {A ^' 1 by 



Ji=^(s,T)X s +P s = 
= / ipi{y,T)dX y , 



(i/ji(s,T) + tpi(y, s)) dX y 



(29) 



(30) 
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and 



4^ = ^(3,^X^+1^ 



N 



N 



Ms, T)\x s -J2 4 E x *4 + $ - E J t E 



1 s 1 T 



3 = 1 



3=1 



A' 



3=1 

AT 



3=1 



Tip 



, < s <T,0 < i < N. 



By (31), it is enough to show 

Z Utt = - E[xy>\{XW,jW>\ J^ N }} 



in order to show (27). Define 



A 



z: !t = x^-x^-j2Hs,t)4 A) ' 



where the b^s are chosen such that Z* t is independent from Js^' 1 , 1 < i 
i.e., we require 



= E 



E 



A 



3=1 



J s 1 T 



N 

= E[Zl t Jl]-J2 E [ Z tt I T 



E 



Tt r3 
J s 1 T 



3=1 



By (291 and (32), 



A' 



A' 



i=l i=l 
AT / N 

-Emm) ^-E4 E 



n r3 

° s 1 T 



A 



3=1 
AT 



= x t - x s - e - E j t e 



AT 



X t -X s -E&3(s.*)^ J I 

3=1 
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and thus 
E 



7* 

Zj s,t 1 T 



= E 



N 



x t -x s -^2bi( S ,t)Ji 4 



(36) 



JV 



E 



JV 



X t -X s ~J2 b ^ S '^ J s) P 7 



k=l 



0. 



since we assumed EILlL = Si Moreover, 



JV 



e [z; t ji\ = e [(x 4 - x.)ji] - J2 b ^ *) E J i] 



AT 

where E [(X t - X B ) Jj] = and E 
(34) reduces to 

JV JV 

= -^6,( s ,t)-^E 



fe=i 



E 



1 T J s 



P P 
1 T J s 



= E [jiJl] by g and @. Hence, 
|x t -X,-^M«,*)^j4 ■ (37) 



By (|29|) and (|36|), for all < u < s, 



E 



E E [ 

3=1 



E 



7* P 
Zj s,t 1 T 



E [Z* t X u ] . 



We replace Z* t by ([35]) and obtain 
E ' 



JV 



zi t x^ = E [(X t - X S )X U ] - h(s, t)E [r s x u ] 



JV 



JV 



3=1 



e [r T x n 



Since, E \{X t - X S )X U ] = and E [P T X U ] = E [J 1 S X U ] by ([28} and ^30j it 
follows 



E 



JV 



N 



N 



X t -X s -Y,bj{sM ] I\ 

3=1 



and thus E Z* 4 x£ A) = by ([37). This implies Z* t = Z s , t . Hence, the 
theorem is proven for the case that X is standard linear Brownian motion. □ 
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We now turn to the general case. For simplicity we assume that there are 
constants < c\ < c 2 < T such that Rx(s,t) ^ for ci < s,t < c 2 and 
Rx(s,s) = for < s < c\ and c 2 < s < T. In 3J it was shown that 
there are (up to a constant) uniquely defined functions / : [0, T] — > R and 
g : [0, T] — > M such that h = f/g (with the convention 0/0 = 0) is a non- 
negative, non-decreasing function on [0, T] and 

Rx(s,t) = f(sAt)g(sVt), 0<s,t<T. 

This implies 

X s = g(s)W h(s) 

in finite-dimensional distributions, where W — (W s ) s >o is a standard linear 
Brownian motion: 

Kg(s)W h{s) g{t)W h{t) = g{s)g(t)(h(s) A h{t)) = g{s)g{t)h(s A t) 

= g(s)g(t)^f^-=f(sAt)g(sVt). 
g(s A t) 

Proof of Theorem in the general case. We proceed in two steps: (i) we show 
Theorem [7] for (g(s)W s ) se [o,T] for every positive function g; (ii) we prove the 
theorem for the process (^Ot(s))se[o.T] , where we assume the correctness of the 
theorem for the process X. 

Let hr 1 be the inverse function of h (which exists since ft. is a non-decreasing 
function), i.e., we have h~ 1 (h(s)) = s for all < s < T, and define g — g o h . 
Then, by (i), Theorem [7] holds true for X — gW and thus, by (ii), Theorem]?] 
holds true for X = X o h, i.e., 

X s = X h(s) = g(h(s))W Ks) = (g o h' 1 o h){s)W h[s) = g{s)W h{s) . 

We prove (i): the Brownian motion W and the process X = gW on [0,T] 
are generated by u : L 2 ([0,T]) C([0,T]) and Ug : L 2 ([0,T]) C([0,T]) with 



(ue)(s) — / e(x)dx, (uge)(s) = g(s) / e(x)dx, 
Jo Jo 

e £ L 2 ([0,T]), < s < T. Define measures af by af(B) = J B g(x) a^dx), 
af(I[a,T])- Hence, 

(u s u~ai)(s) = g{s) I af (I[ x ,t]) dx = g{s)(uu*a 9 i )(s). 



B e <B([0,T]), l<i<N. Then, ai (X) = afQV) and {u*a 9 t ){x) = (u^ix) 



IB'- 



By Proposition [2] we may assume that the random variables ai(X), . . . , on(X) 
are independent standard normal and thus, for W^ AB ^ being the conditioned 
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process of W by — {af , . . . , a 9 N } and X^ A ' being the conditioned process of 
X by A, < s,t < T, 



E 



x ( s A) x ( t A) 



N 



= 9(s)g{t)(s At)- ^{u~gU*gai)(s){u~ g u*gai)(t) 



=i 
JV 



= g{s)g{t) [sAt- £>u*af)(«)(im*af )(*) 



E 



g( S )^).g(t)^ 



i.e., the processes X^ and giy^ 3 ) coincide in law. Consider the integrated 
processes l( A )' 1 and L^ A9 ^ 1 given by 



From the proof of Theorem [7] for the case that X is Brownian motion we know 
that {W {A9 \L^^\. . . , L^' N )js a Markov process. Since X^ /g and W^ 9 ^ 
coincide in law this implies that (X^ /g, j'"' 1 , . . . , l( A ">> N ) is a Markov process, 
where we used 

X^/g(x) 4(dx) = [ S ai (dx) = 1 < i < N. 



Finally, this implies that (lW,j( i )> 1 ,...,I (A) ' ,v ) is a Markov process. This 
proves (i). 

We prove (ii): Assume that Theorem [7] holds true for X — (^" s ) s e[o.T'] 
and let X be generated by u : H — > C([0,T']). Moreover, let ft- be a non- 
negative, increasing function on [0, T] with h(T) — T' . Define X — (-X^ggro.Tl — 
(X h ( s )) se [ ,T]- Then X is generated by u h : H ->• C([0,T]) with (u /l e)(s) = 
(ue)(ft(s)), e G ff. Define measures of byaf(B) = (a, o B € S^O,! 1 ]), 
1 < i < N. Then, 

di(X) = / X 2 ,a i (da;)= / X h ^ai(dx) = \ X x (aohr x ){dx). (38) 
Jo Jo Jh(0) 

If /i(0) > then, since h is increasing, /i _1 ([0, /i(0))) = 0, and thus 

Oi(X) = [ X x {ao h- 1 )(da:) = af (X). (39) 
Jo 

In the same way we get for all e G H, 

(u\di,e) = I (ue)(h(x)) cii(dx) = / (ue)(x) a^(dx) = {u*a^, e) 
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and thus u^a, = u*af, 1 < i < N. By Proposition [2] we may assume that the 
random variables <Xi(X), . . . , cln{X) are independent standard normal and thus, 
for X^ being the conditioned process of X with respect to A and X^" 1 being 
the conditioned process of X with respect to A h = {a^, . . . , a'^}, < s, t < T, 



N 



E 



X (A) X (A) = E [XgXt] _ ^( UhU * a .)( a )( UhU * ai )( t ) 



N 



= E 



X h{s) X m - J2(uu*a1)(h( S ))(uu*a1)(h(t)) 



= E 



(A) ~ (A h ) 

i.e., the processes X: and -X^f-) coincide in law. Consider the integrated 



processes given by L 

in p8| and (pi), for < s < T, 



J s l^ h) af(dx), 1 < i < N. Then, as 



= / ^1^)= / X^a i (dx) = / X^a'Kdx) = L[f s) 



Us) 



in finite-dimensional distributions. By the assumption on X the process 

(A h ) N\ 

,L S )se[o.T'] is a Markov process implying that 



{xi Ak \L^'\ 



(X(A h ) r{A h ),l 

\^h(s) ' h{s) ' ' 

(xi A \i^\...,i a 



,L 



(A h ),N\ 
h(s) I 



s e[o,T] is a Markov process as well. Since 



^ e[0 ,T] and (X^J,L) 



■ L 



(A h ),N\ 



coincide 



in law we conclude that (Xg , I. 



(A) r(A),l 



(s) '""h(a) ' ■ ■ • '■"/»(«) ^e[0,T] 

; 7s '^sgm-n is a Markov process. □ 



5.2. The expected future 

Now, we can give an explicit formula for E[X$ A) \!&? W ], s < t < T. This 
together with Theorem [6] enables us to calculate the drift term in Theorem [5] in 
the case that X is Markovian. Define a matrix D s by 

/ g(s) (uei)(s) ... (ue N )(s) \ 



D„ = 



J s+ g(x)a 1 (dx) f s+ (uei)(x) ai(dx) 



J.(ue N )(x) ai(dx) 



\J s+ g( x ) a N(dx) J s+ (ue 1 )(x)a N (dx) ... J s+ (ue N )(x) a N (dx) J 
and a vector d s by 

Theorem 8. For every s < t there are ' -measurable random variables 
£o> • • • t £n such that 



iV 



»=i 
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Assume that the matrix D s is invertible. Then £ = (£q, • • • , £,n) t is given by 



Proof. For s < t and 1 < i < N, we have 



E 



7 (A),i X (A) 



= E 



(-4) 



= [ E 




Jo 





aj(da;) 



R x{A ){x 1 t) ai(dx) 

^f( x )g(t) ~^('"e i )(:E)('Ue i )(f)J a 2 (^) 

= / /(%) aj(dx) - y^ y (uej)(t) / («ej)(ar) a^dx). 
Jo i=1 Jo 

In particular, E /i' 4 ''' l Xj j4 '' is a deterministic linear combination of and 

(uei)(t),l<i<N. 
By Theorem [7j 

E[X^|3f (A) ] =E[ X M | {XW.I!^ 1 ,...,^^}]. 

Assume without loss of generality that {xjj A \ /i , . . . , /i j4 ' l:7V } are orthonor- 
mal random variables (otherwise orthonormalize them similar to (13)). Then, 
by the general theory of conditioning of Gaussian random variables, 

N 

E[X 4 (A) |£f (A> ] = X^E \x^X (A) ] +J24 A) ^ \x ( t A) li A) 



Since E 



X ( s A) X [ t A) 



and E 



T {A),i x {A) 



are deterministic linear combinations 



of g(t) and (uej)(i), 1 < i < AT, there are A -measurable random variables 
£o> • • • t £n such that 



E{X ( t A) \ZX iA, }=t g(t) + Y,^e i )(t). 



N 



by 



In order to determine £cb • • • > 6v, consider the process Z = (^t)te[o,T] defined 



for £ < s, 



^~W A V], for *>,. 
Z is continuous and fulfills the conditions ai, . . . , a/v, i-e., 



^ = X^ = lim Z, = lunE[JfHsf '] = £o<7(s) + V 

i= l 



24 



and 



0= f Z x aj{dx)= f aj(dx) + [ E[X^\^ (A) ] aj (dx) 

JO JO Js+ 

g(x) aj {dx) + Y,Zi / {uei){x) aj (dx), 

+ j =1 Js+ 



i.e., 

N r T 



-I { s A) ' j = to [ g{x)a j {dx)+^ i [ (ue t )(x)a 3 (dx), 1 < j < N. 

This leads to the system of linear equations D s £ = d s and its solution £ = 
Dj 1 ^. □ 



6. Examples 

6.1. The zero area Brownian bridge 

The standard linear Brownian motion W = (M^ s ) se [ ,i] on [0, 1] is generated 
by the operator u : L 2 {[0, 1]) -> C([0, 1]) with 

(uh)(s) = / h(x) dx 
Jo 

for /i e L 2 ([0, 1])- For example, the trigonometric basis in L 2 {[0, 1]), 

{e„ : n > 0} = {1} U {V2 cos(Trnx) : n > 1}, 
for which («e )(s) = s and 

-sin(7ms) 



f 5 

(ue„)(s) = / \/2cos(7rna;) = \/2- 



nn 

yields the well known representation 

sin(7rns) 



W s =uj s + V2J2 



OJ,; 



nn 

n=l 



Let M = (M s ) sg [ .i] be the Brownian motion conditioned to be zero at time 
1 and with integral zero, i.e., M = for A = {<5i, a } C C([0, 1])* with 

Si{f) = /(I) and a (f) = / f(s) ds, f E C([0, 1]). 

Jo 

It holds 

(m*<5i)(x) = 1 and (u*ao)(x) = 1 — x. 
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The detached subspace H^) 01 ^a([0> 1]) with respect to the set of conditions 
A = {Si, ao} C C([0, 1])* is thus H(a) = span{l, 1 — x}. An orthonormal basis 
in -ff(A) is { e ii e 2} = {1>\/3(1 ^ 2a;)}. Hence, according to Proposition [TJ the 
covariance of the zero area Brownian bridge M — W^ A > is given by (0 < s, t < 1) 

R.M(s,t) = R w (s,t) - (ue 1 )(s)(«ei)(t) - (ue 2 )(s)(we 2 )(s) 

= min{s, f} - f dx [ dy - f V3(l - 2a;) f V%(1 - 2y) dy 
Jo Jo Jo Jo 

= mm{s,t} - st - 3(s - s 2 )(t - i 2 ). 

Using the notation from Theorem [3] the matrix B and the vector b become 

B _(6i{ue x ) 5 l (ue 2 )\_(l \ JM^A M\ 

^ao(ne x ) ao("e 2 )J ^1/2 1/(2^)) ana ^ h ) ' 

where / s = J Q S W x dx. Solving the linear equation system B^ = b yields 

£i = W\ and £ 2 = \/3(2/i - Wx). 

Then, by Theorem [3j an anticipative representation for M is 

M s = W S - W lS - V3(2h - Wi)\/3(s - s 2 ) 
= W S - s(3s - 2)Wi - 6s(l - s)h. 

Let F w and F M be the induced measures of W and M on (C([0, 1]),C). For 
every s < 1 the condition in ( [l5| is fulfilled. Hence, by Theorem|4j the measures 
Fw and Pm are equivalent on 3s for every s < 1, where, as in Theorem[4j J s cC 
is the smallest cr-algebra on C([0,T)) such that all point evaluation functionals 
S x , < x < s, are 5" s -*B(IR)-measurable. 

By Theorem [5j M is a solution of the stochastic differential equation 

dM s = dW s + S(s, M)ds, M = 0, < s < 1, 
where £ is a progressively measurable functional on C([0, 1]). By Theorem |6j 

^M) = li m E ^l^- M -, 0<s<l, 
r\0 r 

where 3*^ is the natural filtration of M at time s. Define J s = J Q S M x dx, 
< s < 1. Since (W s ) se [o,ii is a Markov process, (M s , J s ) se [o,i] is a Markov 
process as well by Theorem [1] By Theorem |J for < s < t < 1, we have 

E[M t | 3f ] - Co + &t + &>/3(t - i 2 ), 

where £ = (£o ,^1,^2) is the solution of the system of linear equations D s £ = d s 
with d s = (M s , 0, — J s ) and 

/ 1 s V3(s-s 2 ) \ 

D s = 1 1 _ 

(l-s 2 )/2 y3(l- S 2 )/2-(l- s 3 )/V3/ 



2G 



Solving this system of linear equations yields 

M s (2s 2 - s - 1) - 6J s s 



M s (2s 2 - s - 1) - 6J s s 
?1 " ia I) 3 



6 = -V3 



(a -1)3 

,- 2 - g - 

M s { s-l)-2J s 
Cs - l) 3 



and thus 



M _ M s (2s 2 - s - 1) - 6J s s M s (2s 2 - s ~ 1) - 6J s s 



E ^'^= (,-1)3 ( S -l) 

_ 3{t _ t2) M s (s-l)-2J s 



We have 

E[M s+r | S-f ] - M s _ 4Af s 6 J s 



r\,o r 1 — s (1 - s) 2 ' 

Hence, M has the stochastic differential 

dM s = dW s - — ^-da - , 6J ' rfs, Mo = 0, < s < 1. 
1 — a (1 — s) J 

#.,2. Gaussian bridges 

The conditioning of a Gaussian process on [0, T] to be zero at time T is a well- 
studied but important example (see for example [5]). This leads to Gaussian 
bridges: let X = (X s ) sS [o,t] be a continuous Gaussian process and let St G 
C([0,T])* be the evaluation functional at point T. Then X (i5t) is called the 
bridge process of X. 

Proposition 6. The covariance R X (s T )(s,t) = Exi ST ^ xj: ST ^ is 



Rx (s,T)R x (t ,T) 
Rx(T,T) 



R X (s T )[s,t) = Rx(s,t) — — ^ , U<s,i<J, 



where Rx(s,t) — EX s X t is the covariance function of X , and a anticipative 
representation for X^ T - ) is 

X^=X S - Rx ^ T) X T , 0<s<T. 

Proof. Let X be generated by the linear and bounded operator u : H — > 
C([0, T]) and let {et)°Z 1 be an orthonormal basis in the separable Hilbert space 
H. By (10), the detached Hilbert space Hr§ T \ with respect to the condition St 
is spanned by 

oo oo 

u*S T = ^(w*<5t, e,)e, = y](uej)(T)ej. 

i=l i=l 
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By Parseval's identity and ([8]), 

oo oo 



i=i »=i 



Hence, by Proposition [T] in the first line and ^ in the last line 



R X (s T ) (s,t) — Rx (s,t) — 
= Rx{s,t) 



Rx(T,T) 
R x (s,T)R x {t,T) 



Rx{T,T) 

The anticipative representation of follows by Theorem [5J □ 
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